Fractional order version of a dynamical system introduced by Yu and Wang (Engineering, Technology & Applied Science Research, 2, (2012) 209-215) is discussed in this article. The basic dynamical properties of the system are studied. Minimum effective dimension 0.942329 for the existence of chaos in the proposed system is obtained using the analytical result. For chaos detection, we have calculated maximum Lyapunov exponents for various values of fractional order. Feedback control method is then used to control chaos in the system. Further, the system is synchronized with itself and with fractional order financial system using active control technique. Modified Adams-Bashforth-Moulton algorithm is used for numerical simulations. 
Introduction
A nonlinear autonomous differential system of order ≥3 is said to be chaotic if the solution trajectories exhibit aperiodic oscillations for all time [1] . The chaotic solutions are extre mely sensitive to initial conditions i.e. the nearby starting solutions separate exponentially.
If the chaotic solutions are unwanted in practical applications then one has to control the chaos in system using appropriate control techniques such as linear feedback control [2, 3] , OGY method [4] , backstepping design method [5] , inverse optimal control [6] , sampled-data feed- * E-mail: sachin.math@yahoo.co.in, sbb_maths@unishivaji.ac.in back control [7] , adaptive control [8] , differential geometric method [9] and so on.
Though the chaotic solutions are unwanted in some situations, these are not always useless. The unpredictable nature of chaotic trajectories can be successfully employed in generating secure communication and cryptographic schemes using chaos synchronization [10] .
Fractional calculus (FC) is an emerging branch of mathematics having a wide range of applications in various branches of science and social sciences [11] [12] [13] . Though the subject has history of 300 years, the applications are rather recent. The classical integer order derivative of a function at a point can be approximated by using the values of function at nearby points. On the other hand, if the derivative is fractional (noninteger) order, one has to provide the whole history from a n initial point. This nonlocal nature of fractional derivative (FD) is useful in various systems possessing the memory and hereditary properties e.g. viscoelasticity [14] , diffusion [15] [16] [17] [18] [19] , control theory [20] , signal processing [21, 22] , bio-engineering [23] , delay differential equations [24] , chaos [25] [26] [27] [28] , synchronization [29] [30] [31] [32] and so on.
Several inequivalent definitions such as GrunwaldLetnikov derivative, Riemann-Liouville derivative, Caputo derivative, Weyl derivative, Riesz derivative are proposed for evaluating fractional order derivative. The models involving Caputo fractional derivative [11] requires initial conditions in the form of the value of function and its integer order derivatives at initial point. Hence the Caputo's definition is the most useful definition of FD while dealing with the models arising in real life. This was our motivation for presenting the Yu-Wang system [33] with Caputo fractional derivative in the present article since it contains memory as well as chaos.
The article is organized as below: Basic definitions and stability analysis is discussed in Section 2. Section 3 deals with the fractional order Yu-Wang system and its basic dynamical properties. Chaos in proposed fractional system is controlled using simple linear feedback control in Section 4. The system is synchronized with itself as well as with fractional order financial system using active control in Section 5. Conclusions are summarized in Section 6.
Preliminaries

Fractional calculus
In this section, we describe some basic definitions regarding fractional derivative [11] [12] [13] .
The Riemann-Liouville fractional integral of order α α > 0 is defined as
The Caputo fractional derivative is defined as using Riemann-Liouville integral as below
where is a natural number.
Stability analysis
Consider the following commensurate fractional ordered autonomous system
where, 0 < α ≤ 1. Equilibrium points of the system (3) are solutions of ( 1 2 
It should be noted that the condition of the form (5) is only a sufficient condition and not a necessary condition for stability of nonlinear system (3) [27, 37] .
Fractional Yu-Wang system
Yu and Wang [33] proposed a novel chaotic system described by˙
We propose a fractional order version of this system given by
where α ∈ (0 1) is fractional order. The basic dynamical properties of the system are listed below:
• Symmetry: It can be checked that the system (7) is invariant under the coordinate transformation( ) → (− − ). Thus the system is symmetric about −axis.
• Dissipation: The gradient of the system is
The system is dissipative if + > 0.
• Equilibrium Points: The equilibrium points of the system (7) can be obtained by solving the system ( − ) = 0 − = 0 − = 0 for and . The solutions are
given by
• Stability: We linearize the system (7) near equilibria and study the stability using the results discussed in Section 2.2. The Jacobian of the system is
The eigenvalues of J are obtained by solving a characteristic equation λ 3 + ( + )λ 2 + ( + log( / ))λ + 2 log( / ) = 0.
In particular, for the parameter values = 15 = 30 = 3 2 = 2, the equilibrium points are E 1 = (1 71207 1 71207 9 375), E 2 = (−1 71207 −1 71207 9 375) and E 3 = (0 0 0 5). The eigenvalues of J at E 1 and E 2 are −19 9429 1 47147 ± 16 1987 . At E 3 , the eigenvalues are −29 4602 14 4602 −2. An equilibrium point is said to be a saddle if the Jacobian evaluated at the point contains the eigenvalues with positive as well as eigenvalues with negative real part. Clearly, the points E 1 E 2 are saddle points of index two and E 3 is a saddle point of index one. It is discussed by Tavazoei and Haeri in [36] that the chaotic scrolls are generated only around the saddle points of index two and the saddle points of index one are responsible only for connecting these scrolls.
The system (7) shows regular behavior if it satisfies (5). i.e. The system is stable if
Thus the system does not show chaotic behavior for α < 0 942329. This result is supported by numerical experiments. Fig. 1(a) shows stable time series ( ) for α = 0 94.
However, the condition (5) is "only sufficient and not necessary" condition for stability. The stability is guaranteed for fractional order α < 0 942329, however, the stable solutions may be observed for higher values. It is observed using numerical simulations that the solutions are stable for higher value α ≤ 0 97 (cf. Fig. 1(b) ). In the literature, to the best knowledge of the author of this article, such behavior is not observed in any other commensurateorder system.
• Chaos:
A modification of Adams-BashforthMoulton algorithm proposed by Diethelm et al. [38] [39] [40] is used for numerical observations of chaotic trajectories. The system exhibits chaos for α ≥ 0 98. Chaotic phase portrait in xz-plane for α = 0 98 and chaotic time series ( ) for α = 0 99 are shown in Fig. 1(c) and Fig. 1(d) respectively.
Further, we have presented maximum Lyapunov exponents (MLE) 1 [41] for different values of fractional order α in Fig. 1(e) . The Lyapunov exponents are positive for fractional order α ≥ 0 98. Thus the results are same as those of numerical simulations. The minimum effective dimension of the system is 0 98 × 3 = 2 94.
Chaos control
In this section we use linear feedback control to study chaos control in the proposed fractional order system (7) . Consider
where is the linear feedback control. We take = , where is a parameter whose values are chosen so as to make the system (10) stable. The equilibrium points of the controlled system (10) It is clear that the stability of system (10) depends on the parameter . Using the stability condition (5), we can estimate the parameter which generates stable solutions for different values of fractional order α. This can be visualized in a graph as follows.
We have plotted the curves | (λ)| and απ/2 for different values such as α = 0 97 0 98 0 99 1 in Fig. 2(a) eigenvalue 0 , we have obtained similar intersections in Fig. 2(b) . It can be observed from figures 2(a,b) that the chaos in system (10) can be controlled by selecting the value of less than the corresponding intersection point. We have shown the controlled time series for α = 0 99 and = −5 2 in Fig. 3 . Similar figures can be drawn for other values of fractional order α.
Chaos synchronization
Two identical or nonidentical chaotic systems can evolve together by applying the appropriate control. This fascinating phenomenon introduced by Pecora and Carroll [42, 43] is termed as chaos synchronization. Synchronization of chaos is widely explored in various branches of Science and Social Sciences [44, 45] . Recently, it has been used in secure communication [46] and cryptography [10] also. Different approaches such as adaptive control [47] , active control [48] , OGY method [49] , L 2 − L ∞ synchronization [50] , adaptive H ∞ synchronization [51] , delay feedback control [52, 53] are proposed for chaos synchronization. Ahn and co-workers used fuzzy logic approach to propose different synchronization techniques for continuous time systems [54, 55] , chaotic neural networks [56, 57] and so on. Present section deals with synchronization of proposed fractional order system with itself and with fractional order financial system. We use active control technique [29] developed for fractional order systems.
Synchronization of identical Yu-Wang systems
We consider 
as a slave system, where 1 2 3 are active control functions. The errors in synchronization are defined as
Thus the error system is 
Synchronization of Yu-Wang system with financial system of fractional order
Consider the fractional order financial system [58] as a master system 
The error functions are defined by Equation (20) together with (18) and (19) 
The active control terms are chosen as 
Conclusion
The chaotic dynamics of fractional order Yu-Wang system is studied. The minimum effective dimension turns o ut to be 2 94. Simple linear feedback controller is used to control the chaos in the proposed system. It is observed that the active control can be utilized successfully to synchronize the proposed fractional order system with itself as well as with fractional order financial system.
